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1 Introduction 



The Casimir effect is the contribution of a non-trivial geometry on the vacuum fluctuation 
[1-3]. The corresponding change in the vacuum electric energy is found to attract the two 
perfectly conducting parallel plates in the original investigation [1]. The property of the 
attractive Casimir force is also found in the gravitational system [4]. It is proposed to render 
the extra spaces in the Kaluza-Klein unified theory [5] sufficiently small and thus could not 
be observed. It is generally believed that the nonperturbative quantum gravity can stabilize 
the size of the extra spaces, as the minimum length scale, Plank scale, is set in. 

Another available scale is the noncommutativity revealed in the string theory [6-8]. 
It is proved to arise naturally in the string/M theories [8]. Initially, Connes, Douglas and 
Schwarz [6] had shown that the supersymmetric gauge theory on noncommutative torus is 
naturally related to the compactification of Matrix theory [8]. More recently, it is known 
that the dynamics of a D-brane [9] in the presence of a B-field can, in certain limits, be 
described by the noncommutative field theories [7]. 

A distinct characteristic of the noncommutative field theories, found by Minwalla, Raams- 
donk and Seiberg [10], is the mixing of ultraviolet (UV) and infrared (IR) divergences remi- 
niscent of the UV/IR connection of the string theory. In a recent paper [11] we found that 
the noncommutativity does not affect one-loop effective potential of the scalar field theory. 
However, it can become dominant in the two-loop level and have an inclination to induce the 
spontaneously symmetry breaking if it is not broken in the tree level, and have an inclination 
to restore the symmetry breaking if it has been broken in the tree level. In the paper [12] 
Nam has tried to use the noncommutativity as a minimum scale to protect the collapse of 
the extra spaces. He use the one-loop Kaluza-Klein spectrum derived by Gomis, Mehen and 
Wise [13] to compute the one loop Casimir energy of an interacting scalar field in a compact 
noncommutative space of R 1,d x T|, where 1 + d dimensions are the ordinary flat Minkowski 
space and the extra two dimensions are noncommutative torus with noncommutativity 9. 
The correction is found to contribute an attractive force and have a quantum instability. He 
therefore turns to investigate the case of vector field and find the repulsive force for d > 5. 
We will mention the mistake in there and the above conclusion is thus unreliable. 
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In this paper we extend the problem to the theory on R 1,d x {Tg) L while consider only 
the scalar field theory, i.e., 3 theory with extra L two-dimensional noncommutative tori. In 
section II, we first extend the works of Gomis, Mehen and Wise [13] to evaluate the one-loop 
correction to the spectrum of Kaluza-Klein system for the 3 model on R l,d x (Tg) L . The 
correction to the Kaluza-Klein mass formula has the additional term which resembles that 
of the winding states in the string theory [14], likes as the property found in the L = 1 
system [13]. In section III, the obtained spectrum is used to compute the Casimir energy. 
Section IV is used to analyze the effect of the correction to the Casimir energy on the radius 
stabilization. We show that when L > 2, the Casimir energy in the cases of d = An — 2, with 
n a positive integral, could give repulsive force to stabilize the extra noncommutative tori. 
This thus suggests a possible stabilization mechanism for a scenario in Kaluza-Klein theory, 
where some of the extra dimensions are noncommutative. 

2 Kaluza-Klein Spectrum 

We consider the noncommutative scalar 3 theory in x (T|) L spacetime described by 
the following action: 

S = J d 1+d x d 2L y ^(90) 2 - l -m 2 <f -^0*0*0). (2.1) 
The * operator is the Moyal product generally defined by [10] 

f(x)*g(x) = e + ^^f(y)g(z)\ y „ (2.2) 

in which 9^ u is a real, antisymmetric matrix which represents the noncommutativity of 
the spacetime, i.e., [x fl ,i |/ ] = i6^ v . In Eq.(2.1) the coordinates represent the 

commutative four dimensional Minkowski spacetime. The 2L extra dimensions are taken to 
be the L noncommutative 2-tori Tg whose noncommutative coordinates are described by 

[y\y 2 ] = [y 3 y} = ... = [y 2L '\y 2L ]= i e. (2.3) 
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When L — 1, this coordinate can be realized in string theory by wrapping a five-brane 
on a two-torus T 2 with a constant 5-field along the torus. The low energy effective four 
dimensional theory resulting from compactification on a noncommutative space is local and 
Lorentz invariant, hence it can be relevant phenomenologically [13]. 

The momentum in the 1 + d Minkowski spacetime, denoted as p, is a continuous variable. 
However, the momenta along the tori are quantized as k — > k/R, where k = (fci..., A^l) are 
the integrals. Therefore, using the Feynman rule [13], which includes the propagator 



p,n 



and vertex 

rh 

/k n\ 

in which n A k = (n^ — n 2 ki) + {n^k^ — n 4 /c 3 )... + (n 2 L-i^2L — ^2L^2L-i)j the one loop 
contributions to the two point functions is 




A 2 
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4 (2nR) 2L ^J (2ny+\p -fc/R^ -m 2 ){{l+ P ) 2 -{n + k) 2 /R 2 -m 2 ) 



E 



(2.4) 



In which / denotes the loop momenta along the noncompact directions, while k/R is loop 
momenta along compact directions. Similarly, p (n/ R) is the external momenta along the 
noncompact (compact) directions. The derivation of Eq.(2.4) has used the half angle formula 
for the cosine and the property that n A n = 0, as detailed by Gomis, Mehen and Wise [13]. 

The first term, second term and third term in Eq.(2.4) have divergences which can be 
absorbed by the counterterms [13]. The corrected spectrum calculated in Eqs.(2.8) and 
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(2.9), coming from the last term, shows a factor 2(L ^d-a ) ■ This means that the last term will 
become the leading contribution for small 9. Therefore the first term, second term and third 
term are irrelevant to our investigation and will be not discussed furthermore. The last term 
contains a oscillatory factor cos(9n A k/R 2 ) which makes the non-planar correction term to 
be ultraviolet finite and give the leading behavior for small 9. It will be evaluated in below. 

We use the Feynman parameter x to perform the integral over the momentum / and then 
express the result in terms of the Schwinger parameter a. The one-loop self energy evaluated 
from Eq.(2.4) then becomes 



* f 7 f°° 1 l-L-i+^ 

L = t-j ax da a 2 exp 

4(4vr) L+i ^ -A) Jo 



r 2 /-i \/ 2 ^ \i Tl 

-a[m +x(l-x)(- P +-)]- — 



x 



1 TT2L-1 0/ i ■@ n i+l\q/ -9ni. 1 - n 2L-l a/ ^ n i+h q / . 

- n,_! vixrii + % )v(xn i+ i — i + - n,_i vixrii — i )v (xn i+ i + i — 

2 '- 1 v 2a 1 V + 2a ! 2 v 2a ' V + 2a' 

(2.5) 

— * 

To obtain the above result we have performed the sum over k by using the definition of the 
Jacobi theta function 

oo 

t) — ^2 exp(7rm 2 r + 2mnv\ (2.6) 

n=— oo 

and the property of modular transformation 

■&(u, r) = (-ir)- 1 ' 2 exp(-7riz/ 2 /r)^(z//r, -1/r). (2.7) 

We see that the ultraviolate divergent contribution of the one-loop self energy Eq.(2.5) 
comes from the a — > region [13]. Thus, to obtain the leading contribution of the one-loop 
self energy, we can approximate •& = 1 in the Eq.(2.5) and the leading correction to the 
spectrum of Kaluza-Klein system becomes 



i R 

Zj = —At 

in which 

l2 _ A 2 r(L + ^) 



2\ L +— 

S = -V(^ , (2.8) 



^0 ~~ n d+l nO(r + d - 3 \' (2-9) 

64 7r L+ — 2 ( i+ — ) 



The result reduces to that in [13] when L = 1, d = 3. 
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Note that the above result tells us that the correction term will depend on the dimension 
d. However, the investigation in [12] use the form of d — 3 to study the cases in other 
dimensions and thus draw the wrong conclusion. The same mistake also appears in [12] in 
investigating the vector field system. 

3 Casimir Energy 

Casimir energy is obtained by summing up the energy uj of all the modes as follows [1]: 



u 



ni,...,n 2 L- 



d d p 
J (2* 
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(3.1) 



ni,.",»!L= 

in which, for simplicity, we consider the massless case. To obtain the above result we first 
use the Schwinger's proper time t to handle the square root, then integrate the transverse 
momentum p by doing a Gaussian integral, and finally integrate the Schwinger's proper time 
by using the integral representation of Gamma function. 

In the perturbative regime, « 1, we can approximate Eq.(3.1) by 
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(3.2) 
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in which 



Vn(s) EE J2 

ni,...,njv=l 

From Eq.(3.2) and reflection formula [2] 



n\ + ... + n% 



n-T(s)Ms) = r(y - - s), 

we finally find that the Casimir energy can be expressed as 



(3.3) 



(3.4) 
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(3.5) 



The first term is negative and contribute an attractive force to unstabilize the radius. When 
the second term, which depends on the noncommutativity 6, is positive then the correction 
due to the space noncommutativity may stabilize the radius. The compactification radius, 
if it exists, will be at 



R 



2L+d-l 



(3.6) 



In the next section we will use the above results to analyze the stabilization of the noncom- 
mutative extra tori. 



4 Results and Conclusions 

(a) L — l: 

Let us first analyze the case of L — 1. From Eq.(3.5) we see that when L—l, i.e., 
extra noncommutative space is a single 2-torus, and d is odd, then the contribution from 
the correction to the Casimir energy is finite after using the reflection formula Eq.(3.4). 
The correction term is independent of the radius R of the torus. Thus, up to the order of 
perturbation there is no stabilization and we have to consider the next order in correction 
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to the Casimir energy. This is contrast to that in [12]. The investigation in [12] use the 
spectrum of d = 3 to study the Casimir effect in other dimensions and thus draws a wrong 
conclusion that when d > 3 the correction will have attractive force to unstabilize the size 
of radius R. 

Note that when dis a odd number, then the divergent term r(— ^) in Eq.(3.5) will lead 
the Casimir energy to be infinite. This may mean that the approximation used to derive 
Eq.(3.2) from Eq.(3.1) is broken down. This seems something strange and the problem is 
remained to be solved, 
(c) L = 2: 

In this case 1*4(1) is divergent. Thus the approximation used to derive Eq.(3.2) from 
Eq.(3.1) is broken down. The problem is remained to be solved, 
(c) L > 2: 

Because there is no stabilization for a single or two 2-torus up to the order of perturbation, 
let us turn to the space with more 2-torus. From Eq.(3.5) we see that when d = 4n, with 
n an integral, then r(— ^±1) > and the correction energy is negative. Thus the correction 
term will contribute a attractive force and system does not have a stable radius. However, 
when d = 4n — 2, with n a positive integral, then r(— ^^) < and the correction energy is 
positive. Thus the system will have a stable radius. The compactification radius is expressed 
in the formula Eq.(3.6). 

Note that when L > 2 and d is an odd number, then the divergent term T(—^-) in 
Eq.(3.5) will lead the Casimir energy to be infinite. Just likes that in the case of L — 1 
with odd d, this may mean that the approximation used to derive Eq.(3.2) from Eq.(3.1) is 
broken down. The problem is remained to be solved. 

Finally, let us make some remarks: 

(1) In this paper we have seen that when L > 2 the Casimir energy of <fi in the cases 
of d = 4n — 2, with n a positive integral, could give repulsive force to stabilize the extra 
noncommutative tori. This thus suggests a possible stabilization mechanism for a scenario 
in Kaluza-Klein theory, where some of the extra dimensions are noncommutative. 

(2) The 3 interaction considered in this paper is like the interaction in the string field 
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theory [15]. Therefore it has some motivations from the string theory despite of the fact that 
the <j) 3 theory itself will become divergent if the spacetime is larger then six. However, when 
the spacetime is larger then six we can assume that some fields, coming from the other modes 
of the string, will contribute to the loop diagram and make the total system renormalizable. 
We have in the section III, therefore, calculated the Casimir effect of the field while neglect 
others. 

(3) The Casimir effect is null in the supersymmetry system, as the contribution of boson 
field is just canceled by that of the fermion field . However, some mechanisms are proposed to 
break the supersymmetry to describe the physical phenomena. Thus the remaining Casimir 
effect may be used to render the compact space stable. An interesting mechanism to break 
the supersymmetry is the temperature effect, which is the scenario in the early epoch of 
the universe. Therefore it is useful to investigate the finite-temperature Casimir effect of (f) 3 
model on R 1 ' d x (Tj) L . It will be presented in elsewhere [16]. 
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